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1 Volcanic Plumes

Particle transport models can be divided into two broad categories: those intended to calculate
eruption column characteristics based on tephra fall deposits, as in [1], and those intended to
predict long-range atmospheric and deposit distributions based on the scale of the eruption, as in
[2]. Both types of models rely on the existence of an explicit relationship between the eruption and
atmospheric dynamics and the resulting fall deposit. This relationship is complicated by a number
of factors, including plume mechanics, variable weather conditions, and particle re-entrainment.
Our interest is in the movement of ash clouds, and not in tephra deposition, and therefore we focus
attention on long-range modeling. Thus we will ignore detailed topographical features and low
atmosphere phenomena that is important for particle fallout and deposition. Instead we consider a
simple particle transport model, but one that nonetheless contains several sources of uncertainty.

Tanaka [3] and Searcy et al. [4] developed PUFF, an ash tracking model for predicting the paths
of young volcanic clouds. PUFF simplifies the eruption plume to a vertical source, and uses a
Lagrangian pseudo-particle representation of the ash cloud in a detailed 3-D regional windfield to
determine the trajectory of the cloud. PUFF and other dispersion models have proven extremely
useful in modeling the distal transport of ash for aviation safety [4].

1.1 The PUFF Simulation Model
There are several Volcanic Ash Transport and Dispersion (VATD) models that have been used
extensively for ash cloud forecasting and post-event analysis [5, 6, 7].

Unlike other VATD models, it is designed solely for predictions of ash-cloud movement in space
and time, and it generates displays that can be tailored to user needs at volcano observatories,
in a real-time setting during an eruption crisis. For these reasons, PUFF is necessarily simple by
design, but it can be intricate in its implementation. The model takes into account the predominant
physical processes that control particle movement, such as, winds, dispersion and settling, but it
does not account for small scale physical processes that play a lesser role. In some cases we do not
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understand in detail how these sub-scale process impacts the overall cloud movement (e.g. inter-
particle interactions), in other cases the required information may not be available in a real-time
situation (e.g. precipitation), and in yet other cases inclusion of these processes may significantly
lengthen model run-time (e.g. radiative heating).

During an eruption crisis, PUFF predictions have been used to estimate ash cloud movement
critical to the assessment of potential impacts – for example, on aircraft flight paths. As other
more complicated (and thus slower) VATD model results become available they can be incorporated
into an impact analysis by volcanologists and atmospheric scientists. Thus, uncertainty analysis
of VATD models in general, and of the PUFF model in particular, is important due to potential
ramifications in mitigating natural hazards.

To start a simulation, PUFF requires as inputs the eruption start time and duration, the initial
plume height, the vertical distribution of particles of varying size, a representative wind field, and
the simulation end time (see Sec.1.2). At first, some of these parameters must be assumed, based on
past activity of the volcano, or by using the Eruption Source Parameters (ESP) of Mastin et al. [8].
In a post-event assessment, more information about the eruption is known and can be incorporated
into a “post-diction” or hindcast analysis. It is thought that the parameters that most significantly
affect simulation results are the initial wind field, the plume height, and the particle distribution
[7]; one part of the research plan proposed here is a sensitivity analysis of PUFF model inputs.

PUFF can be run using one of several numerical weather prediction (NWP) windfields [9, 10, 11,
12]. These NWP models are available at differing levels of spatial and temporal resolution; local
use of the WRF (Weather Research Forecast) model will allow for customizing the model domains
used for verification and validation.

PUFF tracks a finite number of Lagrangian point particles of different sizes, whose location R is
propagated from timestep k to timestep k + 1 via an advection/diffusion equation

Ri(tk+1) = Ri(tk) +W (tk)∆t+ Z(tk)∆t+ Si(tk)∆t (1)

Here Ri(tk) is the position vector of the ith particle at time k∆t, W (tk) is the local wind velocity
at the location of the ith particle, Z(tk) is a turbulent diffusion that is modeled as a random
walk, and Si(tk) is a source term which models the fallout of the ith particle due to gravity. For
more detailed description see [4]; source code and documentation is available at http://puff.

images.alaska.edu/monitoring.shtml. A variety of output displays are available, including
snapshots of airborne-ash concentration (relative to the number of particles released at the start
of the simulation) and particle location color-coded by height. PUFF is capable of tracking multiple
ash clouds simultaneously [13, 14].

1.1.1 PUFF Validation

PUFF has been validated against historic volcanic eruptions such as the 1992 Crater Peak vent
eruption at Mount Spurr and the 2006 eruption at Mount Augustine with reasonable success [4, 14].
Webley et al. [6] performed an analysis of the most relevant VATD model input parameters on
simulation outputs, making a statistical comparison between the satellite detected ash cloud and
PUFF model results for the August and September 1992 events at Mount Spurr. Dean et al. [15]
present a comprehensive analysis of images from GOES (Geostationary Operational Environmental
Satellite), and AVHRR (Advanced Very High Resolution Radiometer), of the 2001 eruption of
Mount Cleveland, Alaska. Figure 1 illustrates this comparison. Discrepancies were noted in the
PUFF model output and the GOES and AVHRR images. The PUFF model, based on a wind shear at
an altitude of 6 km above sea level predicted the ash plume to project northwest and southeast, with
an overall drift towards the northeast. However, the GOES imagery only captured the northwest
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(a) GOES image (b) PUFF Estimate

Figure 1: PUFF Estimate vs. GOES image for the 2001 Mt. Cleveland eruption. PUFF output
showed wind shears at 6 km that sent particles NW and SE. However, the GOES imagery only
shows the NW extension and a NE drift. A Boeing 747 pilot noted the smell of SO2 at a time and
location that coincides with PUFF predictions (yellow star), supporting the model prediction.

extension and northeast drift. Dean et al. state that a Boeing 747 pilot noted the smell of sulphur
dioxide at a time and location that coincided with the PUFF prediction but not with satellite images
[15]. Because ash particles are moved by the windfield, at a given altitude any separation of the
main body of the cloud and gases such as SO2 are likely to be minimal. This discrepancy between
the GOES picture and AVHRR observations and PUFF results is puzzling, and may be related to
satellite sensor detection limits, or environmental conditions affecting the ash signal. In any event
this finding underscores the need for a systematic study of VATD model uncertainty.

Satellite images provide only a planar view of the cloud-top or, where the cloud is translucent,
cloud particles from lower elevations; plots of simulation position vs. time (for different altitudes)
can be compared with images such as in [4, 6]. Satellite remote sensing data is temporally (at best,
15 minute updates for GOES) and spatially (at best, 1 km for AVHRR) coarse. The most useful
satellite data for ash cloud detection is measured in the 10 − 12 µm wavelength, either as single
band and band ratio, or in a reverse absorption/split-window [5]. Pavolonis et al. [16] show that
ash clouds can also be detected through visible remote sensing datasets, which can complement the
infrared information. After many years of responding to eruptions, UAF researchers have noticed
variations in the accuracy of PUFF predictions when compared to satellite image and ground ob-
servations [15]. Roughly speaking, PUFF appears reasonably accurate in predicting the movement
and position of volcanic clouds in space and time up to the first 12-24 hours, which is the re-
quired time period for operational ash cloud forecasts for aviation. Significant differences between
satellite observations and PUFF predictions can appear owing to atmospheric characteristics and/or
boundary layer topography. There are lower limits to satellite detection of volcanic ash based on
concentrations and spatial resolution, as well as other environmental conditions that affect signal
strength, so validation of dispersion models under these conditions is limited and the accuracy can
not be evaluated [13, 15]. These issues may be important in validation studies.

Nine world-wide VAACs have been designated and networked together by the International Civil
Aviation Organization, to provide advisories regarding volcanic eruptions, especially to the aviation
community. Remote sensing and VATD modeling are integral parts of the operation of the VAACs.
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1.2 BENT-PUFF

As mentioned above, to initialize a PUFF simulation a collection of particles of different sizes must
be specified as a function of altitude. This distribution is often inferred from historical eruption
and plume observations, and is not well constrained; see [17, 18, 19]. It is important to remember
that PUFF particles are not simple surrogates for ash concentration, but are representatives of ejecta
of a given size at some initial height. As such this number is a user-selected input, and affects the
simulation time and resolution of the output. In addition to particle distribution and windfield,
other PUFF input parameters include the coefficients of turbulent diffusion and particle fallout, both
of which are estimated.

Instead of guessing the initial particle distribution as a function of height, we employ a volcanic
eruption plume model called BENT to provide initial conditions; the essential features of this coupling
are described in [20]. BENT solves a cross-sectionally averaged system of equations for continuity,
momentum and energy balance [19, 18, 17], as a function of the eruption vent radius and speed
of the ejecta. The ambient temperature at the vent, and the temperature difference between
the erupting column and the ambient atmosphere, usually do not vary much in nature, and do
not significantly affect plume results [17]. BENT also requires coefficients for heat capacity and re-
entrainment, which are approximately known. BENT assumes a distribution of pyroclasts of different
sizes, and the model equations then predict the height distribution of the various sized clasts. BENT
results suggest that the interaction between plume and wind causes enhanced entrainment of air
and horizontal momentum, plume bending, and a decrease in plume rise height at constant eruption
rate. Thus, wind and atmospheric stratification affect the plume rise height [21]. BENT has been
tested against plume rise height data, and against dispersal data [17]; the discussion in that paper
corroborates that the scaling relationships derived in [22] between energy and plume rise height are
valid even for energetic volcanic plumes piercing the tropopause.

Using BENT to provide initial conditions for PUFF incorporates important plume physics into
our cloud transport simulations. On the one hand, physics guides our model coupling and largely
determines for us how outputs from BENT feed into PUFF. On the other hand, this coupling can be
thought of as substituting one set of uncertain parameters (vent size, velocity, clast size distribution)
for an uncertain function (initial particle height distribution).

2 Uncertainty Characterization

Of course, any model used to represent the dynamics of a tephra plume reflects many assumptions
and simplifications that permit derivation of a tractable model. The error inherent in any model
is a result of model truncation, errors in model parameters, and errors in initial and boundary
conditions. In addition to these uncertainties in inputs to the model system, there are stochastic
features such as variations in the wind, which drive the motion of an ash cloud. Together these
factors cause overall accuracy to degrade as the simulation evolves. We now discuss the uncertainty
in our model, and data assimilation techniques can be used to update model predictions.

Mathematical models of physical processes are subject to uncertainty from several sources: pa-
rameters, initial and boundary conditions, forcing functions, are known only to certain precision.
For example, BENT input parameters include vent radius, vent velocity, mean grain size and grain
size variance. All of these parameters are known only approximately and only to a fixed fidelity.
Furthermore, these models are but approximate representations of the underlying physical pro-
cesses. For example, a more comprehensive ash cloud model might account for precipitation and
particle entrainment, specifying some of the physical processes that are only approximated in the
PUFF model. Such a model would require additional parameters and inputs that themselves are
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not (usually) well characterized. Not only can uncertainty enter into a complex model through a
number of avenues, the subsequent propagation of uncertainty through the model is also a complex
process. To account for at least many of the parametric uncertainties in a model one might eval-
uate the governing equations with many different inputs, and average the outputs appropriately.
Unfortunately, for a more comprehensive model of ash cloud motion the computational cost makes
this approach infeasible.

How are simulation outcomes affected by imprecise knowledge of the model and its inputs? Given
these uncertainties, how do we forecast the evolution of a dynamical process together with its atten-
dant uncertainty, in a computationally tractable manner?

Propagating uncertain model inputs results in forecasts with uncertainties that can grow in time.
Assimilating available observational data to refine the model forecast reduces these uncertainties.
However limited sensor range and sensor inaccuracies can lead to imprecise measurements. An
improved solution should be a weighted combination of simulation forecast and observation data.

How does one design computationally tractable data assimilation tools that incorporate informa-
tion from various sources while simultaneously compensating for simulation errors and observational
inaccuracies?

Despite the potential risk to property and life from inaccurate prediction of ash clouds, there
has never been a thorough quantitative assessment of toxic cloud predictions due to parametric and
stochastic uncertainties. While a detailed sensitivity analysis can relate the variations in input
parameters to toxic cloud, uncertainty analysis casts a much broader net in terms of assessing
confidence of predictions based on all available information.

A mechanism to represent the uncertainty is necessary before the model data and the sensed data
can be integrated in an efficient and consistent manner. Uncertainty can be represented in different
ways, including: i) worst-case scenarios attempting to provide bounds using interval analysis[23,
24], ii) methods based on fuzzy set theory, linguistically often identified as being concerned with
possibility[25], iii) evidence theory, which tries to create upper and lower bounds on the likelihood
of events[26], and, iv) probabilistic or stochastic models, which offer mathematically the richest
structure[27, 28, 29, 30, 31, 32]. From this short and incomplete description, one may ascertain
that there is no common agreement on which of these approaches may be best, even just in a certain
setting.

Probabilistic means of representing uncertainties has been explored extensively and provides the
greatest wealth of knowledge which are exploited in this work.

2.1 Parametric Uncertainty Characterization

In the standard BENT and PUFF models, one tracks the position of representative particles of different
sizes as they are transported by wind and turbulence, and the position of each particle is assumed
to be a deterministic quantity. Instead of solving for the point position of the PUFF particles, we
consider a probability distribution for each particle location. That is, the position of a particle
is assumed to be a random variable, xk, whose time evolution is given by a stochastic differential
equation (which should be thought of as generalizing the PUFF advection/diffusion equation):

ẋ = f(t,x,Θ) (2)

In this equation, Θ represents uncertain but time-invariant system parameters such as the vent
radius, vent velocity, mean grain size and grain size variance. The total uncertainty associated with
the state vector xk = x(tk) is characterized by the probability distribution function (pdf) p(tk,xk).
The index k denotes the discrete time-step in the evolution of p. A key idea of this work is to
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Figure 2: State and pdf transition

replace the time evolution of state vector xk by the time evolution of the pdf p(tk,xk) as illustrated
in Fig. 2. By computing full probability density functions, we can better monitor the space-time
evolution of uncertainty, represent multi-modal distributions, incorporate complex prior models,
and exploit Bayesian belief propagation.

Several approximate techniques exist in the literature to approximate the state pdf evolution [33,
34], the most popular being Monte Carlo (MC) methods [35], Gaussian closure [36], Equivalent
Linearization [37], and Stochastic Averaging [38, 39]. All of these algorithms except MC methods
are similar in several respects, and are suitable only for linear or moderately nonlinear systems,
because the effect of higher order terms can lead to significant errors. Monte Carlo methods
require extensive computational resources and effort, and become increasingly infeasible for high-
dimensional dynamic systems [40].

2.1.1 Polynomial Chaos

The propagation of uncertainty due to time-invariant but uncertain input parameters can be approx-
imated by a generalization of polynomial chaos (gPC), originally due to Xiu and Karniadakis[41].
gPC is an extension of the homogenous chaos idea of Wiener[42] and involves a separation of random
variables from deterministic ones in the solution algorithm for a stochastic differential equation.
The random variables are expanded in a polynomial expansion. These polynomials are associated
with the assumed pdf for the input variables (Hermite polynomials for normally distributed param-
eters, Legendre for uniformly distribution, etc). Galerkin collocation is used to generate a system
of deterministic differential equations for the expansion coefficients.

Let us consider a generic second order stochastic linear system:

M(Θ)ẍ(t,Θ) + C(Θ)ẋ(t,Θ) + K(Θ)x(t,Θ) = D(Θ)u(t) (3)

where M ∈ Rn×n, C ∈ Rn×n, K ∈ Rn×n and D ∈ Rn×m. Θ ∈ Rr is a vector of uncertain
system parameters which are functions of the random variable ξ with known probability distribution
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function (pdf) p(ξ). It is assumed that the uncertain state vector x(t,Θ) and system parameters,
Mij , Cij and Kij can be written as a linear combination of basis functions, φi(ξ), which span the
stochastic space of random variable ξ.

xi(t,Θ) =

N∑
l=0

xil(t)φl(ξ) = xTi (t)Φ(ξ) (4)

Mij(Θ) =
N∑
l=0

mijlφl(ξ) = mT
ijΦ(ξ) (5)

Cij(Θ) =

N∑
l=0

cijlφl(ξ) = cTijΦ(ξ) (6)

Kij(Θ) =
N∑
l=0

kijlφl(ξ) = kTijΦ(ξ) (7)

Dij(Θ) =

N∑
l=0

dijlφl(ξ) = dTijΦ(ξ) (8)

where Φ(.) ∈ RN is a vector of polynomials basis functions orthogonal to the pdf p(ξ) which can
be constructed using the Gram-Schmidt Orthogonalization Process. The coefficients mijl , cijl , kijl
and dijl are obtained by making use of following normal equations:

mijl =
〈Mij(Θ(ξ)), φl(ξ)〉
〈φl(ξ), φl(ξ)〉

(9)

cijl =
〈Cij(Θ(ξ)), φl(ξ)〉
〈φl(ξ), φl(ξ)〉

(10)

kijl =
〈Kij(Θ(ξ)), φl(ξ)〉
〈φl(ξ), φl(ξ)〉

(11)

dijl =
〈Dij(Θ(ξ)), φl(ξ)〉
〈φl(ξ), φl(ξ)〉

(12)

where 〈u(ξ), v(ξ)〉 =
∫
Ω

u(ξ)v(ξ)p(ξ)dξ represents the norm introduced by pdf p(ξ) with support Ω.

Now, substitution of Eq. (4), Eq. (5), Eq. (7) and Eq. (8) in Eq. (3) leads to

ei(ξ) =
n∑
j=1

(
N∑
l=0

mijlφl(ξ)

)(
N∑
l=0

ẍjl(t)φl(ξ)

)
+

n∑
j=1

(
N∑
l=0

cijlφl(ξ)

)(
N∑
l=0

ẋjl(t)φl(ξ)

)

+
n∑
j=1

(
N∑
l=0

kijlφl(ξ)

)(
N∑
l=0

xjl(t)φl(ξ)

)
−

m∑
j=1

(
N∑
l=0

dijlφl(ξ)

)
uj , i = 1, 2, · · · , n (13)

Now, n(N + 1) time-varying unknown coefficients xik(t) can be obtained by using the Galerkin
discretization process, i.e., projecting the error of Eq. (13) onto the space of basis functions φl(ξ).

〈ei(ξ), φl(ξ)〉 = 0, i = 0, 1, 2, · · · , n, l = 1, 2, · · · , N (14)

where ei(ξ) is the approximation error resulting from representing the system states by a Polynomial
Chaos expansion. This leads to following set of n(N + 1) deterministic differential equations:

Mẍp(t) + Cẋp(t) +Kxp(t) = Du(t) (15)
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where xp(t) =
{
xT1 (t),xT2 (t), · · · ,xTn (t)

}T
is a vector of n(N + 1) unknown coefficients and M ∈

Rn(N+1)×n(N+1), C ∈ Rn(N+1)×n(N+1), K ∈ Rn(N+1)×n(N+1) and D ∈ Rn(N+1)×m.

Let P and Tk, for k = 0, 1, 2, · · · , N, denote the inner product matrices of the orthogonal
polynomials defined as follows:

Pij = 〈φi(ξ), φj(ξ)〉, i, j = 0, 1, 2, · · · , N (16)

Tkij = 〈φi(ξ), φj(ξ), φk(ξ)〉, i, j = 0, 1, 2, · · · , N (17)

Then M, C and K can be written as n × n matrix of block matrices, each block being an
(N + 1)× (N + 1) matrix. The matrix M consists of blocks Mij ∈ R(N+1)×(N+1):

Mij = MijP, i, j = 1, 2, · · · , n (18)

if the mass matrix is not uncertain, else, it is given by:

Mij(k, :) = mT
ijTk, i, j = 1, 2, · · · , n (19)

Similarly, for the matrices C andK, the kth row of each of their block matrices Cij ,Kij ∈ R(N+1)×(N+1)

is given by,

Cij(k, :) = cTijTk, i, j = 1, 2, · · · , n (20)

Kij(k, :) = kTijTk, i, j = 1, 2, · · · , n (21)

The matrix D consists of blocks Dij ∈ R(N+1)×1:

Dij = Pdij i = 1, 2, · · · , n, j = 1, 2, · · · ,m (22)

Eq. (4) along with Eq. (15) define the uncertain state vector x(t, ξ) as a function of random
variable ξ and can be used to compute any order moment or cumulant of a function of uncertain
state variable.

2.1.2 Simple Example

The method is best explained by illustrating its application to a simple model problem. Let us
consider the first order system:

ẋ+ kx = 0 (23)

where k is an uncertain parameter of the system which is known to lie between the interval [a b].
We assume it to be a function of random variable ξ with known probability density function p(ξ).
Thus, the uncertain parameter k can be represented as:

k(ξ) =
N∑
i=0

kiφi(ξ). (24)

Furthermore, if ξ ∈ [−1 1], only two terms are necessary to represent k(ξ),

k(ξ) = k0 + k1ξ, k0 =
a+ b

2
, k1 =

b− a
2

. (25)

This does not preclude Normal distributions, since k0 and k1 can represent the mean and variance
of k(ξ) and ξ ∈ [−∞ ∞].
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Now, the displacement x is represented as:

x =
N∑
i=0

xi(t)φi(ξ) (26)

where φi(ξ) represents the orthogonal polynomial set with respect to pdf p(ξ), i.e.

〈φi(ξ), φj(ξ)〉 =

∫
Ω

φi(ξ)φj(ξ)p(ξ)dξ = c2
i δij (27)

For example, the Legendre and Hermite polynomials constitute the orthogonal polynomial sets for
uniform and normal distribution, respectively. In general, these polynomials can be constructed
by making use of Gram-Schmidt Orthogonalization process. Now, substituting for x and k from
Eqs. (26) and (24) in Eq. (23) leads to

N∑
i=0

φi(ξ)ẋi + (k0φ0(ξ) + k1φ1(ξ))
N∑
i=0

φi(ξ)xi = 0 (28)

Using the Galerkin projection method, the dynamics of xi can be determined. Making use of
the fact that system equation error due to polynomial chaos approximation (Eq. (28)) should be
orthogonal to basis function set φj(ξ), we arrive at the equation:

M


ẋ0

ẋ1
...
ẋN

+K


x0

x1
...
xN

 = 0 (29)

where the elements of the M matrix are

Mij = 〈φi(ξ), φj(ξ)〉 =

∫
Ω

φi(ξ)φj(ξ)p(ξ)dξ = c2
i δij where i, j = 0, 1, 2...N (30)

and the elements of the K matrix are given by

Kij = k0〈φi(ξ), φj(ξ)〉+ k1〈ξφi(ξ), φj(ξ)〉 (31)

Now, making use of the fact that every orthogonal polynomial set satisfies a three-term recurrence
relation[43]:

ξφn(ξ) =
an
an+1

φn+1(ξ) +
c2
n

c2
n−1

an−1

an
φn−1(ξ) (32)

where an and an−1 are the leading coefficients of φn(ξ) and φn−1(ξ), respectively. Now, making use
of this recurrence relationship, the elements of the K matrix are given by

Kii = k0〈φi(ξ), φj(ξ)〉 = k0c
2
i (33)

Ki,i+1 = k1〈φi+1(ξ), φj(ξ)〉 = k1c
2
i+1

ai
ai+1

(34)

Ki,i−1 = k1
c2
i

c2
i−1

〈φi−1(ξ), φj(ξ)〉 = k1c
2
i

ai−1

ai
(35)
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Thus given the initial value at time t0, we can compute the distribution for x(t, ξ) =
∑N

i=0 xi(t)φi(ξ)
for any time t by integrating Eq. (29) to obtain the coefficients xi(t). Assuming N is reasonably
small (5 to 10) we have effectively replaced the solution of single equation Eq. (23) with the
solution of a coupled set of 5 to 10 equations that directly yield an approximation of the probability
distribution of the output. Note that complex nonlinearities in the equation will immediately
transform into very complex expressions for the terms in Eq. (28). Solution of the coupled equation
set can now become very difficult for the standard methods of solving such equations. Moreover
existing computational tools cannot be used without extensive modification.

2.1.3 A Simple Extension - Polynomial Chaos Quadrature

To avoid these difficulties, Dalbey et al. have proposed a different formulation [44] known as
polynomial chaos quadrature (PCQ). PCQ replaces the projection step of the PC with numerical
quadrature. The resulting method can be viewed as a MC-like evaluation of system equations,
but with sample points selected by quadrature rules. To illustrate the key idea, let us reconsider
Eq. (28):

N∑
i=0

φi(ξ)ẋi + (k0φ0(ξ) + k1φ1(ξ))

N∑
i=0

φi(ξ)xi = 0 (36)

The projection step of PC yields:

N∑
i=0

〈φi(ξ), φj(ξ)〉ẋi +

N∑
i=0

k0xi〈φ0(ξ)φi(ξ), φj(ξ)〉+

N∑
i=0

k1xi〈φ1(ξ)φi(ξ), φj(ξ)〉 = 0 (37)

In the previous section, we evaluated various projection integrals analytically, however, the starting
point of the PCQ methodology is to replace the exact integration with respect to ξ by numerical
integration. The familiar Gauss quadrature method makes a good choice for most cases. This
yields:

〈φi(ξ), φj(ξ)〉 =

∫
φi(ξ)φj(ξ)p(ξ)dξ ≈

M∑
q=1

wqφi(ξq)φj(ξq) (38)

〈φ0(ξ)φi(ξ), φj(ξ)〉 =

∫
φ0(ξ)φi(ξ)φj(ξ)p(ξ)dξ ≈

M∑
q=1

wqφ0(ξq)φi(ξq)φj(ξq) (39)

〈φ1(ξ)φi(ξ), φj(ξ)〉 =

∫
φ1(ξ)φi(ξ)φj(ξ)p(ξ)dξ ≈

M∑
q=1

wqφ1(ξq)φi(ξq)φj(ξq) (40)

(41)
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where M is the number of quadrature points used. Substitution of aforementioned approximation
of stochastic integral in Eq. (37) and interchanging summation and differentiation leads to

d

dt


M∑
q=1

N∑
i=1

xiφi(ξq)︸ ︷︷ ︸
x(t,ξq)

φj(ξq)wq

+
M∑
q=1

N∑
i=0

(k0φ0(ξq) + k1φ1(ξq))︸ ︷︷ ︸
k(ξq)

xiφi(ξq)︸ ︷︷ ︸
x(t,ξq)

φj(ξq)wq = 0 (42)

d

dt

 M∑
q=1

x(t, ξq)φj(ξq)wq

+
M∑
q=1

k(ξq)x(t, ξq)φj(ξq)wq = 0 (43)

Integrating with respect to time t yields:

M∑
q=1

(x(t, ξq)− x(t0, ξq))φj(ξq)wq +

t∫
t0

M∑
q=1

k(ξq)x(t, ξq)φj(ξq)wqdt = 0 (44)

Interchanging the order of time integration and quadrature summation leads to

M∑
q=1

x(t, ξq)− x(t0, ξq) +

t∫
t0

k(ξq)x(t, ξq)dt

︸ ︷︷ ︸
X (t0,t,ξq)

φj(ξq)wq = 0 (45)

Note that the time integral expression in the aforementioned equation can be evaluated by a simple
deterministic evaluation of the model equation with a specific instance of the random variable ξq.
Thus the process of evaluating the statistics on the output of the system reduces to sampling the
chosen input points guided by quadrature method. The coefficients of the PC expansion can be
obtained as:

M∑
q=1

x(t, ξq)φj(ξq)wq =
M∑
q=1

X (t0, t, ξq)φj(ξq)wq (46)

Now, making use of the orthogonality property of the basis function, this leads to:

xi(t) =
1

c2
i

M∑
q=1

X (t0, t, ξq)φj(ξq)wq, c2
i =

∫
Ω

φi(ξ)φi(ξ)p(ξ)dξ where i, j = 0, 1, 2...N (47)

Hence, the resulting method can be viewed as a MC-like evaluation of system equations, but with
sample points selected by quadrature rules. More generally, PCQ approximates the moment of
system state ẋ = f(t,x,Θ) as:

〈x(t)n〉 =

∫
Ω

 t∫
0

ẋdt

n

p(ξ)dξ =

∫
Ω

 t∫
0

f(t,x,Θ)dt

n

p(ξ)dξ (48)

For a fixed value of parameter Θ = Θq, the time integration can be performed using deterministic
run of Bent and PUFF. Integration (by PCQ) over the uncertain inputs determines the state pdf.
Expressed mathematically,
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〈x(t)n〉 =
∑
q

wq

 t∫
0

f(t,x,Θq)dt

n

(49)

In another words, the output moments can be approximated as a weighted sum of the output of sim-
ulations run at carefully selected values of the uncertain input parameters (namely the quadrature
points). The natural choice for these quadrature points is the Gaussian quadrature points which
are defined by choosing the points optimally in the sense of maximizing the degree of polynomial
function that integrates exactly. The classic method of Gaussian quadrature exactly integrates
polynomials up to degree 2P + 1 with P + 1 quadrature points. The tensor product of 1-dimension
quadrature points is used to generate quadrature points in general multi-dimension parameter space.
As a consequence of this, the number of quadrature points increases exponentially as number of
input parameter increases. It should be noted that this PCQ approach can still suffer from under-
integration error if an insufficient number of samples are used. This necessitates the need for an
adaptive or nested quadrature scheme to successively refines the accuracy by increasing the number
of sample points such as Clenshaw-Curtis quadrature method[45, 46] for numerical integration.

2.2 Results and Discussion

To illustrate the effectiveness of the PCQ method, we consider the problem of volcanic ash dispersion
for Eyjafjallajökull volcano eruption in April 2010. The BENT integral eruption column model was
used to produce eruption column parameters (mass loading, column height, grain size distribution)
given a specific atmospheric sounding and source conditions [19]. BENT takes into consideration
atmospheric (wind) conditions as given by atmospheric sounding data. Thus plume rise height is
given as a function of volcanic source and environmental conditions. The PUFF Lagrangian VATD
model was used to propagate ash parcels in a given wind field (NCEP Reanalysis)[4]. PUFF takes
into account dry deposition as well as dispersion and advection. Polynomial chaos quadrature
(PCQ) was used to select sample points and weights in the uncertain input space of vent radius,
vent velocity, mean particle size and particle size variance. Table 1 lists the selected distribution
functions for the input parameter space. The first step is to produce the outputs and their weights
for PUFF from BENT given a 4-vector of uncertain BENT input parameters of vent radius, vent velocity,
mean grain size, and grain size variance. Each BENT output is then propagated through PUFF for a
period of five days.

It is important to note that near-vent features are not captured in detail by BENT, and in fact,
need not be. Near-vent observations indicate that eruptive pulses were characterized by ejection of
an initial gas rich cap, followed by more densely laden steady flow.

Model output was compared with Meteosat-9 SEVIRI retrievals of plume height. Mean and
standard deviation of ash top-height were obtained from ensemble PCQ runs and the computed
footprints are compared to SEVIRI data by using the following three metrics:

Dice =
Area of Intersection of Satellite Image and PCQ Estimate

Area of Union of Satellite Image and PCQ Estimate
(50)

PCQ given Sat =
Area of Intersection of Satellite Image and PCQ Estimate

Area of Satellite Image
(51)

Sat given PCQ =
Area of Intersection of Satellite Image and PCQ Estimate

Area of PCQ Estimate
(52)

Table 2 shows that PCQ, using a measure of mean plus three standard deviations in three-
dimensional ash particle location, predicts location with greater than 98% probability (“PCQ given
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Table 1: Eruption source parameters based on observations of Eyjafjallajökull volcano and infor-
mation from other similar eruptions of the past.

Parameter Value range PDF Comment

Vent radius, b0, m 65-150 Uniform, + definite Measured from radar image of
summit vents on 14 April 2010,
from ‘Eruption in Eyjafjallajökull’ -
http://www2.norvol.hi.is /page

/ies Eyjafjallajokull eruption

Vent velocity, w0, m/s Range: 45-124 Uniform, + definite M. Ripepe, “Ash Dispersal Forecast-
ing and Civil Aviation,” Geneva,
Switzerland, 2010, presentation

Mean grain size, Mdϕ 2 boxcars: 1.5-2
and 3-5

Uniform, ∈ R [47], Table 1, vulcanian and phreato-
plinian. A. Hoskuldsson, Eyjafjal-
lajökull Eruption Workshop, 09/2010,
presentation, quote: ‘vulcanian with
unusual production of fine ash’.

σϕ 1.9± 0.6 Uniform, ∈ R [47], Table 1, vulcanian and phreato-
plinian

Table 2: Comparison of footprint forecast for April 16 (mean + 3× statndard deviation) and
satellite data using 94 and 134 points of Clenshaw Curtis quadrature rule based PCQ.

Metric of Footprint 0<height<5km 94

points
0<height<5km 134

points
5km<height<10km
94 points

5km<height<10km
134 points

Dice 0.7367 0.7389 0.9469 0.9479

PCQ given Sat 0.9870 0.9873 0.9905 0.9905

Sat given PCQ 0.7714 0.7460 0.9556 0.9565

Sat” row in the table). The number of “false positives” is not unduly high, yielding no incorrect
estimations of ash presence 77% of the time at low altitudes, and above 95% of the time at altitudes
greater than 5km (“Sat given PCQ” row in table). Numerical methodology of the type proposed
here must always be tested for consistency i.e. independence from discretization parameters, sam-
ple sizes etc. For this set of simulations we have compared the simulation outputs for 94 and 134

samples (quadrature points) and the results indicate such consistency (See Table 2). The compar-
ison of using 105, 4× 106 and 107 particles in the PUFF simulation also indicated that the choice of
4 × 106 was adequate. Furthermore, Fig. 3 shows the top height footprint obtained from SEVIRI
data and mean and standard deviation of ash top height using PCQ ensemble runs. From these
figures, it is clear that PCQ ensembles yield a valid estimate of mean and standard deviation of
ash footprints consistent with metrics listed in Table 2. The question arises however, whether even
PCQ runs can provide probabilistic concentrations useful in VAAs? These results suggest that, so
long as the model range of the mass loading at least encompasses the true value, it may be possible
to estimate downwind mass loading within an order of magnitude with very little knowledge of
actual source conditions. As more information about source conditions is used, the uncertainty can
be decreased.
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(a) Top Height (SEVIRI Data)

(b) Mean Top Height (PCQ Ensemble Runs)

(c) Standard Deviation of Top Height (PCQ Ensemble Runs)

Figure 3: Meteosat-9 SEVIRI data products compared with model output for a 94 run implemen-
tation of PCQ ClenshawCurtis sampling of the input space.
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3 Data Assimilation for Reducing Uncertainty

Of course using any sensor data that might become available to correct and refine the dynamical
model forecast will reduce the uncertainty of predictions. Given a prediction of the state variable
xk, standard Bayesian algorithms assume a measurement model h to obtain the measurement yk:

yk = h(tk,xk) + vk, xk = x(tk) (53)

where, the nonlinear function h(.) captures the sensor model and vk is the measurement noise
with prescribed likelihood function p(yk|xk). This model-data fusion process is well documented
in meteorology applications where a variety of data assimilation methods are used operationally to
improve the quality of the Numerical Weather Prediction (NWP) forecast[48, 49, 50, 51, 52].

Standard Bayesian tools will be employed to incorporate observational data. Using the dynamic
state evolution sketched above as a forecasting tool PCQ, the state pdf can be updated using the
Bayes’ rule on the arrival of a measurement data:

p(Θ|Yk) =
p(yk|Θ)p(Θ|Yk−1)∫
p(yk|Θ)p(Θ|Yk−1)dΘ

(54)

Here, p(Θ|Yk−1) represents the prior pdf (the computed distribution from PCQ), p(yk|Θ) is the
likelihood that we observe yk given the parameter Θ and p(Θ|Yk) represents the posterior pdf of
Θ. The quadrature weights are updated by computing the posterior mean:∫

Θp(Θ|Yk)dΘ ≈
∑
q

w+
q Θ(tk, ξq) =

1

c

∫
Θp(yk|Θ)p(Θ|Yk−1) ≈ 1

c

∑
q

w−q Θ(tk, ξq)p(yk|Θ(tk, ξq)

(55)

where w+
q represents the unknown posterior weights for quadrature points while w−q represents the

known priori weights. Now equating the coefficients for Θ(tk, ξq) leads to

w+
q =

w−q βq
N∑
i=1

w−q βq

, βq = p(yk|Θ(tk, ξq)) (56)

3.1 Results and Discussion

To illustrate the key idea of data assimilation for volcanic ash dispersion, we consider mean particle
size to be a random variable while considering vent radius, vent velocity and particle size sigma to
be deterministic quantities given as:

Vent Radius = 91.236m Vent Velocity = 45m/sec.
Mean Particle Size = U(1.5, 5) Particle Size Sigma = 5.848

According to the PCQ formulation, we expand mean particle size in terms of the uniform random
variable ξ ∈ U(−1, 1), i.e., Θ = 3.25 + 1.75ξ. Following runs of BENT at the quadrature points,
each BENT output is then propagated through PUFF, which was then run for a real-time period of
five days. The outputs from PUFF were then combined to produce the ensemble by applying the
appropriate weight to each deterministic BENT and PUFF run.

For simulation sake, we create synthetic plume top-height footprints depicting artificial satellite
imageries for Θ = 2.3672 which corresponds to one of the quadrature point (Case 1). The footprints
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obtained by ensemble runs are compared to artificial satellite imagery using the dice metric. Fig.
4(a) shows the plot of the dice metric as a function of quadrature points. For computation sake,
we assume the likelihood function to be gaussian with mean zero and standard deviation being
0.1 units. Using Eq. (56), we update the posterior weights using the synthetic satellite imagery.
As expected, the posterior weight for quadrature point corresponding to the true parameter value
shoots close to one as shown in Fig. 4(b)

To further validate the methodology, we create another top-height footprint for a random sample
of ξ yielding true value of Θ to be 3.7742 (Case 2). Fig. 5(a) shows the plot of the dice metric as
a function of quadrature points while Fig. 5(b) shows the plots for prior and posterior quadrature
weights. As expected, the posterior weight for quadrature points near to the true parameter
value increases. The multiple peaks in Fig. 5(b) corresponds to non-unique footprint shape due to
variation in mean grain size as depicted in Fig. 5(a).
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